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KAZHDAN-LUSZTIG CELLS IN AFFINE WEYL GROUPS OF
RANK 2
JÉRÉMIE GUILHOT
Abstrat. In this paper we determine the partition into Kazhdan-Lusztig
ells of the ane Weyl groups of type B˜2 and G˜2 for any hoie of parameters.
Using these partitions we show that the semiontinuity onjeture of Bonnafé
holds for these groups.
1. Introdution
Let W be a Coxeter group with generating set S. Following Lusztig, let L
be a weight funtion on W , that is a funtion L : W −→ Z suh that L(ww′) =
L(w)+L(w′) whenever ℓ(ww′) = ℓ(w)+ℓ(w′) (where ℓ is the usual length funtion
in (W,S)). This gives rise to various pre-order relations ≤L, ≤R and ≤LR whih in
turn give rise to Kazhdan-Lusztig left, right and two-sided ells, respetively. Cells
for an arbitrary Coxeter group were rst dened in the equal parameter ase (i.e.
L = ℓ) by Kazhdan and Lusztig [17℄ and subsequently in the unequal parameter
ase by Lusztig [19℄. Their onstrution relies on the existene of the Kazhdan-
Lusztig basis in the orresponding Iwahori-Heke algebra. Cells are known to play
a fundamental role in the representation theory of redutive groups over nite or
p-adi elds.
In this paper, we are espeially interested in the partition of ane Weyl groups
into ells. In the equal parameter ase the situation is relatively well understood
due to the fat that there is a geometri interpretation of the Kazhdan-Lusztig
basis. This interpretation yields some positivity properties suh as the positivity
of the oeients of the struture onstants with respet to the Kazhdan-Lusztig
basis. The ells have been expliitly desribed for type A˜r, r ∈ N [21, 24℄, ranks
2, 3 [1, 20, 8℄ and types B˜4 [33℄, C˜4 [29℄, D˜4 [6, 28℄ and F˜4 [27, 30℄.
In the unequal parameter ase a general geometri interpretation does not yet
exist and the positivity properties do not hold anymore. Therefore, the knowledge
in this ase is nowhere near the one in the equal parameter ase. The ells have
been expliitly desribed in type A˜1 for all parameters [22℄, in type B˜2 for some
spei hoies of parameters whih still admit a geometri interpretation [5℄ and
in type G˜2 in the so-alled asymptoti ase [15℄.
The aims of this paper are as follows. First, given an ane Weyl group W
and a weight funtion L on W , we will present an algorithm whih determines
a partition of W into nitely many piees. We onjeture that this partition is
preisely the partition ofW into ells with respet to L. We will be able to dedue
this onjeture from some general onjetures of Lusztig [9, 22℄. Our onjeture
(if true in general) redues the problem of determining the ells of W to the
analogous problem for the nite paraboli subgroups of W . We then apply this
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algorithm to ane Weyl groups of type B˜2 and G˜2 and show that, for any weight
funtion, the resulting partition is indeed the partition into ells. The proofs rely
on some general methods we developed in [13, 14, 15℄, and some expliit omputer
alulations using GAP [23℄. These results for W of type B˜2 and G˜2 provide the
rst substantial examples for Bonnafé's semiontinuity onjeture [2℄ in the ane
ase.
2. Generalities
In this setion (W,S) denotes an arbitrary Coxeter system (with |S| < ∞)
together with a weight funtion L.
2.1. Heke algebras and Kazhdan-Lusztig basis. Let A = Z[v, v−1] where v
is an indeterminate. Let H be the Iwahori-Heke algebra assoiated to W , with
A-basis {Tw|w ∈W} and multipliation rule given by
TsTw =
{
Tsw, if ℓ(sw) > ℓ(w),
Tsw + (v
L(s) − v−L(s))Tw, if ℓ(sw) < ℓ(w),
for all s ∈ S and w ∈ W . Let ¯ be the involution of A whih takes v to v−1. It
an be extended to a ring involution of H via∑
w∈W
awTw =
∑
w∈W
a¯wT
−1
w−1
(aw ∈ A).
We set A<0 = v
−1Z[v−1] and A≤0 = Z[v−1]. Let w ∈ W . There exists a unique
element Cw ∈ H (see [22, Theorem 5.2℄) suh that
(1) C¯w = Cw
(2) Cw ∈ Tw +
⊕
y∈W A<0Ty
For any w ∈W we set
Cw = Tw +
∑
y∈W
Py,wTy where Py,w ∈ A<0.
It is well known ([22, 5.3℄) that Py,w = 0 whenever y  w (here ≤ denotes the
Bruhat order). It follows that {Cw|w ∈ W} forms a basis of H (the Kazhdan-
Lusztig basis). The oeients Py,w are known as the Kazhdan-Lusztig polyno-
mials.
Remark 2.1. Note that the element Cw is denoted by C
′
w in [17, 19℄ and by cw in
[22℄. The Kazhdan-Lusztig polynomials are denoted by P ∗y,w in [19℄ and by py,w in
[22℄. Originally, the Kazhdan-Lusztig polynomials were dened by vℓ(w)−ℓ(y)Py,w
in [17, 1.1.℄.
2.2. Kazhdan-Lusztig ells. Sine the elements Cw (w ∈W ) form a basis of H
we an write, for all x, y ∈W
CxCy =
∑
z∈W
hx,y,zCz
where hx,y,z ∈ A and h¯x,y,z = hx,y,z.
We write z ←L y if there exists s ∈ S suh that hs,y,z 6= 0, that is Cz appears with
a non-zero oeient in the expression of CsCy in the Kazhdan-Lusztig basis. The
KAZHDAN-LUSZTIG CELLS IN AFFINE WEYL GROUPS OF RANK 2 3
Kazhdan-Lusztig left pre-order ≤L on W is the transitive losure of this relation.
The equivalene relation assoiated to ≤L will be denoted by ∼L, that is
x ∼L y ⇐⇒ x ≤L y and y ≤L x (x, y ∈W ).
The orresponding equivalene lasses are alled the left ells of W . Similarly, we
dene ≤R, ∼R and right ells, multiplying on the right. We have (see [22, 8℄)
x ≤L y ⇐⇒ x
−1 ≤R y
−1.
Remark 2.2. Let x ∈ W and s ∈ S be suh that sx > x. Then, following [22,
Theorem 6.6℄, we have sx ≤L x. Similarly if xs > x we have xs ≤R x.
Finally we write x ≤LR y if there exists a sequene x = x0, x1, ..., xn = y of W
suh that for eah 0 ≤ i ≤ n − 1 we have either xi ←L xi+1 or xi ←R xi+1. The
equivalene relation assoiated to ≤LR will be denoted by∼LR and the equivalene
lasses are alled the two-sided ells of W .
The pre-orders ≤L,≤R,≤LR indue a partial order on the left, right and two-sided
ells, respetively.
2.3. Paraboli subgroups. Let I ⊂ S. We denote byWI the standard paraboli
subgroup generated by I. If WI is nite, we denote by wI the longest element of
WI . We set
XI := {x ∈W |ℓ(xs) = ℓ(x) + 1 for all s ∈ I}.
Then, by [12, Proposition 2.1.1℄, there exists a bijetion
XI ×WI −→ W
(x, u) 7−→ xu
suh that ℓ(xu) = ℓ(x) + ℓ(u).
2.4. Lusztig's a-funtion. In the remainder of this setion, we assume that
L(s) > 0 for all s ∈ S. We say that W is bounded if there exists N ∈ N suh that
v−Nhx,y,z ∈ A≤0 for all x, y, z ∈W .
Let N = maxI L(wI) where I runs over all the subsets of S suh that WI is nite.
Then Lusztig has onjetured that N should be a bound for W . It is well known
that N is a bound for W if W is nite or if W is an ane Weyl group [5, 22℄.
From now on, we assume that W is bounded, so that the next denition is valid.
Let z ∈W . Lusztig dened the following funtion
a(z) = min{n ∈ N | v−nhx,y,z ∈ A≤0 for all x, y ∈W}.
We have (see [22, Proposition 13.8℄)
Proposition 2.3. Assume that W is nite and let w0 be the longest element of
W . We have
(a) a(w0) = L(w0);
(b) a(w) < L(w0) for all w < w0.
Let I ⊂ S. We write aI : WI → N for the a-funtion dened in terms of WI .
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2.5. Lusztig's onjetures. Lusztig has formulated 15 onjetures ([22, 14℄),
inluding the following
P4. If z′ ≤LR z then a(z
′) ≥ a(z). Hene, if z′ ∼LR z, then a(z) = a(z
′).
P9. If z′ ≤L z and a(z
′) = a(z) then z′ ∼L z.
P10. If z′ ≤R z and a(z
′) = a(z) then z′ ∼R z.
P11. If z′ ≤LR z and a(z
′) = a(z) then z′ ∼LR z.
P12. Let I ⊂ S. If y ∈WI then we have aI(y) = a(y).
P14. For any z ∈W we have z ∼LR z
−1
.
These onjetures are known to be true in the equal parameter ase when W is a
Weyl group (nite or ane). The proof relies on the geometri interpretation of
the Kazhdan-Lusztig basis [31℄.
Remark 2.4. (1) Using the fat that the map x 7→ x−1 sends left ells to right
ells, one an see that P9 is equivalent to P10.
(2) Conjetures P4, P9 and P10 imply P11 (see [22, 14.11℄).
(3) If P4 and P9 hold then for all x, y ∈W we have
(P) x ≤L y and x ∼LR y =⇒ x ∼L y.
(4) Similarly, if P4 and P10 hold then we have for all x, y ∈W
(P′) x ≤R y and x ∼LR y =⇒ x ∼R y.
2.6. The a
′
-funtion. Let w ∈ W . Let Z(w) to be the set of all u ∈ W suh
that
(1) there exist x, y ∈W suh that w = xuy;
(2) there exists I ⊂ S suh that WI is nite and u ∈WI ;
(3) ℓ(w) = ℓ(x) + ℓ(u) + ℓ(y).
Set a
′(w) = maxu∈W a(u). Then Lusztig onjetured [22, 13.12℄
(C1) a(w) = a′(w)
for all w ∈ W . As a onsequene, if one assumes that P11 holds, we obtain that
any two-sided ell should meet some nite standard paraboli subgroup and hene,
the number of two-sided ells should be nite.
2.7. Conneted sets and ells. Let K be a subset of W and let x, y ∈ K. We
say that x, y are left-onneted (respetively right-onneted) in K if there exists a
sequene x = x0, ..., xn = y in K suh that xix
−1
i+1 ∈ S (respetively x
−1
i xi+1 ∈ S)
for all 0 ≤ i ≤ n − 1. We say that x, y are onneted in K if there exists a
sequene x = x0, ..., xn = y in K suh that either xix
−1
i+1 ∈ S or x
−1
i xi+1 ∈ S
for all 0 ≤ i ≤ n − 1. These are equivalene relations on K hene we obtain a
partition of K into left-onneted omponents, right-onneted omponents and
onneted omponents.
A subset K of W is said to be left-onneted if all x, y ∈ K are left-onneted in
K. Similarly we dene right-onneted subsets of W and onneted subsets of W .
Lemma 2.5. Assume that P9P11 hold. Then we have
(1) Let K be a left-onneted subset of W suh that the a-funtion is onstant
on K. Then K is inluded in a left ell.
(2) Let K be a right-onneted subset of W suh that the a-funtion is onstant
on K. Then K is inluded in a right ell.
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(3) Let K be a onneted subset of W suh that the a-funtion is onstant on
K. Then K is inluded in a two-sided ell.
Proof. We prove (1). Let x, y ∈ K and x = x0, ..., xn = y be suh that xix
−1
i+1 ∈ S
for all 0 ≤ i ≤ n − 1. Let 0 ≤ i ≤ n − 1 and set s = xix
−1
i+1 ∈ S. There is two
ases to onsider:
• sxi = xi+1 and ℓ(sxi) = ℓ(xi) + 1;
• sxi+1 = xi and ℓ(sxi+1) = ℓ(xi+1) + 1.
In the rst ase we have xi+1 ≤L xi and sine a(xi) = a(xi+1) we obtain that
xi ∼L xi+1 (using P9). The seond ase is similar. The proof of (2) and (3) are
similar using P10 and P11, respetively. 
In the ase where W is an irreduible Weyl group (nite or ane), Lusztig
onjetured ([9℄)
(C2) The left ells of W are left-onneted.
Using the fat that the map x 7→ x−1 sends left ells to right ells, one an easily
see that if the left ells are left-onneted then the right ells are right-onneted.
Lemma 2.6. Assume that P and C2 hold. Then the two-sided ells of W are
onneted. Furthermore, the left ells lying in a given two-sided ell are the left-
onneted omponents.
Proof. Let C be a two-sided ell and let x, y ∈ C. There exists a sequene x =
x0, ..., xn = y in C suh that xi ←L xi+1 or xi ←R xi+1 for all i. Using P (or its
right version P') we get xi ∼L xi+1 or xi ∼R xi+1 for all i. It follows by C2 that
two-sided ells are onneted.
Next let K be a left-onneted omponent of C. Sine C is a union of left ells
and left ells are left-onneted it follows that K has to be a union of left ells. Let
x, y ∈ K. There exists a sequene x = x0, ..., xn = y in K suh that xix
−1
i+1 ∈ S
for all 0 ≤ i ≤ n − 1. Let 0 ≤ i ≤ n − 1 and set s = xix
−1
i+1 ∈ S. Then we have
either sxi = xi+1 and ℓ(sxi) = ℓ(xi)+ 1 or sxi+1 = xi and ℓ(sxi+1) = ℓ(xi+1)+ 1.
It follows that xi ≤L xi+1 or xi+1 ≤L xi. Using P we get xi ∼L xi+1 and K is
inluded in a left ell. It follows that K is a left ell. 
2.8. Example: the dihedral groups. In this setion, let W be a Coxeter group
of type I2(m) (m ≥ 2 possibly m =∞) with generators s1, s2 suh that (s1s2)
m =
1 (if m < ∞). If m = ∞ then I2(∞) is the innite dihedral group, whih is also
the ane Weyl group of type A˜1. Let L be a weight funtion on W . We set
L(s1) = a ∈ N and L(s2) = b ∈ N. We may assume without loss of generality that
a ≥ b. We have
Theorem 2.7 (du Cloux [7℄, Gek [11℄, Lusztig [22℄). Conjetures P1P15 hold
for W and L.
For any k ≥ 0 we set 1k = s1s2... (k fators) and 2k = s2s1... (k fators). Note
that, if m <∞ we have 1m = 2m. In the following table, we desribe the partition
of W into two-sided ells, the left ells lying in a given two-sided ell and the
values of the a-funtion. From this table, one an easily hek that that C1 and
C2 hold for dihedral groups.
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Table 1. Cells in the dihedral groups
W two-sided ells left ells a-funtion
{10} {10} 0
I2(m), a = b W − {10, 1m} {11, 22, ...}, {21, 12, ...} a
{1m} {1m} ma
{10} {10} 0
I2(m), a > b {21} {21} b
m ≥ 3,m even W − {10, 21, 1m−1, 1m} {12, ..., 2m−1}, {11, ..., 2m−2} a
{1m−1} {1m−1}
m
2
a− m
2
b+ b
{1m} {1m}
m
2
a+ m
2
b
{10} {10} 0
I2(2) {21} {21} b
a ≥ b {11} {11} a
{12} {12} a+ b
A˜1 {10} {10} 0
a = b W − {10} {11, 22, ...}, {21, 12, ...} a
{10} {10} 0
A˜1, a > b {21} {21} b
W − {10, 21} {11, 22, ...}, {12, 23...} a
3. On the deomposition of an affine Weyl group into ells
Let W be an irreduible ane Weyl group together with a positive weight
funtion L. In this setion we present an algorithm for determining the partition
of W into ells from the knowledge of ells in all proper paraboli subgroups.
Throughout this setion, we assume that P4, P12 and C2 hold for all proper
paraboli subgroups of W .
3.1. The subset C of W . Let J be the set of all proper subsets of S. Note that
sine W is an irreduible ane Weyl group, WI is nite for all I ∈ J . We set
C :=
⋃
I∈J
WI .
Let x, y ∈ C; we write x ∼LR,C y if there exist a sequene x = x0, ..., xn = y in C
and a sequene I0, ..., In−1 in J suh that
xk, xk+1 ∈WIk and xk ∼LR xk+1 in WIk
for all 0 ≤ k ≤ n− 1. This an equivalene relation and the equivalene lasses will
be alled (for obvious reasons) the two-sided ells of C. We denote by PLR,C the
assoiated partition of C.
Let w ∈ C and assume that there exists I, J ∈ J suh that x ∈WI ∩WJ = WI∩J .
Then, using P12 in WI and WJ , we obtain aI(x) = aI∩J(x) = aJ(x). Thus, we
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an dene the following funtion for all x ∈ C
aC(x) = aI(x) if x ∈WI .
Lemma 3.1. We have
(1) the aC-funtion is onstant on the two-sided ells of C;
(2) the two-sided ells of C are onneted.
Proof. Let b be a two-sided ell of C and let x, y ∈ b. There exist a sequene
x = x0, ..., xn = y in C and a sequene I0, ..., In−1 in J suh that
xk, xk+1 ∈WIk and xk ∼LR xk+1 in WIk
for all 0 ≤ k ≤ n − 1. Fix suh a k. Using P4 in WIk we get aC(xk) = aC(xk+1)
and (1) follows. Let Ck be the two-sided ell of WIk whih ontains xk and xk+1.
By denition of b we have Ck ⊂ b. Sine Ck is onneted we get that xk and xk+1
are onneted in b and (2) follows. 
Reall the denition of Z(w) in Setion 2.6. For w ∈W we set
a
′
C(w) = max
u∈Z(w)
aC(u).
Remark 3.2. Note that if P12 holds in W , then we have a′C(w) = a
′(w).
3.2. On the partition of W into ells. For i ∈ N we denote by Bi the subset
of W whih onsists of all the elements w suh that a′C(w) = i. Aording to the
onjetures presented in the previous setion, the following should hold.
Conjeture 3.3. The two-sided ells of W are the onneted omponents of the
sets Bi for i ∈ N. Furthermore the left ells lying in a given two-sided ell are the
left onneted omponents.
Remark 3.4. Assume that P4, P9P11, C1 and C2 hold in W . Then using P12
and C1 we get
Bi = {w ∈W |a
′
C(w) = i} = {w ∈W |a
′(w) = i} = {w ∈W |a(w) = i}.
It follows by P4 that Bi is a union of two-sided ells. Now let C be a onneted
omponent of Bi. By Lemma 2.6, we see that C is also a union of two-sided
ells. By Lemma 2.5, we get that C is inluded in a two-sided ell. Hene it is a
two-sided ell. The statement about the left ells follows from Lemma 2.6.
We now present an algorithm to ompute the partition of W into two-sided
ells given in this onjeture. This algorithm uses a downward indution on the
aC-funtion.
Step 1: We determine the partition PLR,C of C. The aC-funtion is onstant on
the parts of PLR,C (Lemma 3.1); we denote by aC(b) its value on b ∈ PLR,C.
Step 2: Let b0, . . . , bm be a numbering of the partition of PLR,C suh that aC(bk) ≥
aC(bk+1) for all 0 ≤ k ≤ m− 1. For k = 0, . . . ,m we dene by indution, starting
at k = 0, the following subsets of W
b˜k = {w ∈W | w = xuy, ℓ(w) = ℓ(x)+ℓ(u)+ℓ(y), x, y ∈W,u ∈ bk}−
⋃
l<k
aC(bl)>aC(bk)
b˜l.
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Step 3: Let x, y ∈ C and let bi, bj ∈ PLR,C be suh that x ∈ bi and y ∈ bj . We
write x ∼C y if b˜i∩ b˜j 6= ∅. We extend this relation by transitivity, we still denote it
by ∼C. It is an equivalene relation. We denote by PC the orresponding partition
of C. Note that the aC-funtion is onstant on the parts of PC (see the proof of
the laim below); we denote by aC(c) its value on c ∈ PC.
Step 4: Let c0, . . . , cn be a numbering of the partition PC suh that aC(ck) ≥
aC(ck+1) for all 0 ≤ k ≤ n − 1. For k = 0, . . . , n we dene by indution, starting
at k = 0, the following subsets of W
c˜k := {w ∈W | w = xuy, ℓ(w) = ℓ(x)+ℓ(u)+ℓ(y), x, y ∈W,u ∈ ck}−
⋃
l<k
aC(cl)>aC(ck)
c˜l.
Claim 3.5. The sets c˜0, . . . , c˜n onstruted in the algorithm are the onneted
omponents of the sets Bi.
Proof. Let b˜0, . . . , b˜m as dened in Step 2. Sine bk is onneted (Lemma 3.1) it
follows that b˜k is onneted for all k. Furthermore we have
Bi =
⋃
k,aC(bk)=i
b˜k.
Let c ∈ PC. We have
(1) if x ∼LR,C y then x ∼C y;
(2) if x ∼C y then aC(x) = aC(y).
Statement (1) is lear by denition. Let x, y ∈ C be suh that x ∼C y. Let
bi, bj ∈ PLR,C be suh that x ∈ bi and y ∈ bj . Reall that
b˜i = {w ∈W | w = xuy, ℓ(w) = ℓ(x)+ℓ(u)+ℓ(y), x, y ∈W,u ∈ bi}−
⋃
l<i
aC(bl)>aC(bi)
b˜l.
Sine we have b˜i∩b˜j 6= ∅ it follows that b˜j does not appear in the union in the above
formula thus we must have aC(bj) ≤ aC(bi). Similarly, we have aC(bi) ≤ aC(bj)
and (2) follows.
Let c˜0, . . . , c˜n as dened in Step 4. It is lear that c˜k is onneted for all k and
that
Bi =
⋃
k,aC(ck)=i
c˜k.
Let k be suh that aC(ck) = i. In order to show that c˜k is a onneted omponent
of Bi it is enough to show the following statements.
(1) Let s ∈ S and w ∈ c˜k be suh that sw ∈ Bi. Then sw ∈ c˜k;
(2) Let s ∈ S and w ∈ c˜k be suh that ws ∈ Bi. Then ws ∈ c˜k.
We prove (1). Let bi, bj ∈ PLR,C be suh that w ∈ b˜i and sw ∈ b˜j . Note that
aC(bi) = aC(bj). Let u ∈ bi, u
′ ∈ bj and x, y, x
′, y′ ∈W be suh that
w = xuy and ℓ(w) = ℓ(x) + ℓ(u) + ℓ(y),
sw = x′u′y′ and ℓ(sw) = ℓ(x′) + ℓ(u′) + ℓ(y′).
Sine w ∈ c˜k we have bi ⊂ ck and b˜i ⊂ c˜k. First assume that sw > w. In this ase
we have sw = sxuy and ℓ(w) = ℓ(x) + ℓ(u) + ℓ(y) + 1. Hene, sine sw ∈ Bi, we
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get sw ∈ b˜i ⊂ c˜k and sw ∈ c˜k as desired.
Now assume that sw < w. In this ase we have w = sx′u′y′ and ℓ(w) = ℓ(x′) +
ℓ(u′) + ℓ(y′) + 1 and we get w ∈ b˜j . It follows that b˜i ∩ b˜j 6= ∅, u ∼C u
′
and
b˜j ⊂ c˜k. Sine sw ∈ b˜j we get sw ∈ c˜k as required. The proof of (2) is ompletely
similar. 
Remark 3.6. Two dierent weight funtions an give rise to the same partition of C
into two-sided ells, however the sets b˜i an be dierent. Indeed, the denition of
b˜i depends on the order indued by the values of the aC-funtion on the two-sided
ells of C.
3.3. Lowest two-sided ell. A speial feature of ane Weyl groups is the exis-
tene of a distinguished two-sided ell, the so-alled lowest two-sided ell, whih
is minimal with respet to the partial order ∼LR (we refer to [5, 14, 25, 26℄ for
more information on this ell). The following proposition shows how it naturally
appears in our algorithm.
Proposition 3.7. There exists a unique equivalene lass c0 with respet to ∼C
with maximal a-value. Furthermore the set c˜0 is the lowest two-sided ell of W .
Proof. Let ν˜ = maxI(S L(wI) and let S be the set whih onsists of all the proper
subsets I of S suh that L(wI) = ν˜. We set
(∗) c0 = {wI |I ∈ S}.
First of all, using Proposition 2.3, it is lear that ν˜ is the maximal value of the
aC-funtion on the equivalene lasses of C with respet to ∼C. It follows that c0
has to be a union of equivalene lasses. Thus in order to prove the proposition,
it is enough to show that c0 is inluded in an equivalene lass, that is, we have
wI ∼C wJ for all I, J ∈ S. Let I, J ∈ S. There exists a unique x ∈ XI and
u ∈ WI suh that wJ = xu and ℓ(wJ) = ℓ(x) + ℓ(u). Let v = u
−1wI . Note that
ℓ(v) = ℓ(wI)− ℓ(u). Then we have wJv = xuv = xwI and
ℓ(wJv) = ℓ(wJ) + ℓ(v) and ℓ(xwI) = ℓ(x) + ℓ(wI).
It follows that wI ∼C wJ as desired. Now we have
c˜0 = {w ∈W |w = xwIy, ℓ(w) = ℓ(x) + ℓ(wI) + ℓ(y), x, y ∈W, I ∈ S}
and c˜0 is the lowest two-sided ell of W (see [5, 5℄). 
4. Semiontinuity properties of Kazhdan-Lusztig ells
Let (W,S) be an arbitrary Coxeter group. Bonnafé has onjetured that the
Kazhdan-Lusztig ells should satisfy some semiontinuity properties when the pa-
rameters are varying [2℄. In this setion we desribe this onjeture. We start by
olleting some results when some of the parameters are non-positive.
4.1. Changing signs. Assume that S = I ∪J where no element of I is onjugate
to an element of J in W . Let L be a weight funtion on W . Let L′ be the weight
funtion dened by
L′(s) =
{
L(s) if s ∈ I
−L(s) if s ∈ J
Then we have ([2, 2.D℄)
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Proposition 4.1. The partition of W into ells with respet to L oinides with
the partition of W into ells with respet to L′.
Thus the study of ells an be redued to the ase where the parameters are
non-negative integers.
4.2. Parameters equal to zero. One again assume that S = I ∪ J where no
element of I is onjugate to an element of J . We set
J˜ := {wtw−1|w ∈WI , t ∈ J}.
We denote by W˜ the group generated by J˜ . Then (W˜ , J˜) is a Coxeter group [3, 10℄.
If t˜ ∈ J˜ we denote by ν(t˜) the unique element of J suh that t˜ is WI -onjugate to
ν(t˜). Let L be a weight funtion on W suh that L(s) = 0 for all s ∈ I. Finally,
we set
L˜(t˜) = L(ν(t˜)).
It an be shown that if t˜ and t˜′ are onjugate in W˜ then L˜(t˜) = L˜(t˜′). It follows
that L˜ is a weight funtion on W˜ . We have (see [2, 2.E℄)
Proposition 4.2. The left (respetively right, respetively two-sided) ells of W
with respet to L are of the form WI .C (respetively C.WI , respetively WI .C.WI)
where C is a left (respetively right, respetively two-sided) ell of W˜ with respet
to L˜.
4.3. Hyperplane arrangements. Following [4℄ we now introdue the notion of
faets and hambers. Let V be an Eulidean spae of dimension m. Let H be a
nite set of hyperplanes in V . Eah hyperplane H of V denes two half-spaes,
namely the onneted omponent of V − H. We say that λ, µ lie on the same
side of H if they lie in the same onneted omponent of V −H. We dene the
following equivalene relation on V : for λ, µ ∈ V , we write λ ∼H µ if for all H ∈ H
we have either
(1) λ, µ ∈ H;
(2) λ, µ lie on the same side of H.
The equivalene lasses assoiated to this relation are alled H-faets. A H-
hamber is a H-faet F suh that no point of F lies on a hyperplane H ∈ H.
Let F be a H-faet, we denote by CF the set of all H-hambers C suh that
F ⊂ C¯ (where C¯ denotes the losure of C).
4.4. Semiontinuity onjeture. Let S¯ = {v¯1, ..., v¯m} be the set of onjugay
lasses in S. Any weight funtion on W is ompletely determined by its values on
S¯. Let V be an Eulidean spae of dimension m with standard basis v1, ..., vm.
We identify the set of weight funtions on W with the set of points in V with
integer oordinates via
L −→ (L(s1), ..., L(sm)) ∈ V
where si ∈ v¯i for all i.
Let v = (n1, ..., nm) ∈ V (v 6= 0). We denote by Hv (or H(n1,...,nm)) the hyperplane
of V orthogonal to v, that is the hyperplane dened by
{x = (x1, ..., xn) ∈ V | n1x1 + ...+ nmxm = 0}.
Let H be a hyperplane arrangement. We say that
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(1) H is rational if all the hyperplanes in H have the form Hv where v has
integer oordinates;
(2) H is omplete if Hvi ∈ H for all 1 ≤ i ≤ m.
Let F be a H-faet. We denote by WF the standard paraboli subgroup generated
by
{s ∈ S|L(s) = 0 for all L ∈ F}.
We say that a subset C of W is stable by translation by WI (I ⊂ S) on the
left (respetively on both sides) if for all w ∈ C we have zw ∈ C (respetively
zwz′ ∈ C) for all z, z′ ∈WI .
Finally we denote by CL(L) (respetively CLR(L)) the partition of W into left
(respetively two-sided) ells with respet to the weight funtion L.
We an now state Bonnafé's onjeture for the partition of W into ells. It is
enough to state it for left and two-sided ells sine the map x 7→ x−1 sends left
ells to right ells.
Conjeture 4.3. There exists a nite omplete rational hyperplane arrangement
H of V suh that the following hold
(1) If L1, L2 are two weight funtions belonging to the same H-faet F then
CL(L1) (respetively CLR(L1)) and CL(L2) (respetively CLR(L2)) oinide
(we denote these partitions by CL(F) and CLR(F)).
(2) Let F be an H-faet. Then the ells of CL(F) (respetively CLR(F)) are
the smallest subsets of W whih are at the same time unions of ells of
CL(C) (resp CLR(C)) for all C ∈ CF and stable by translation on the left
(respetively on both sides) by WF .
Remark 4.4. If H and H′ are two hyperplane arrangements suh that Conjeture
4.3 holds, then it holds for H ∩ H′. It follows that there exists (if the onjeture
holds) a unique minimal nite omplete rational hyperplane arrangement suh
that statements (1) and (2) hold. The elements of this minimal arrangement are
alled essential hyperplanes.
5. Deomposition of the affine Weyl groups of rank 2
The main result of this setion is that Conjetures 3.3 and 4.3 hold for G˜2 and
B˜2. The methods involved for the proof of this result will be presented in the next
setion. We give some details in type G˜2. In type B˜2 there are too many distint
partitions into ells to desribe them here; we refer to [16, 4℄ for the expliit
partitions.
We use the geometri presentation of an ane Weyl group as desribed in
[5, 18, 32℄. We refer to these publiations for details about this presentation.
5.1. Ane Weyl group of type G˜2. Let (W,S) be the ane Weyl group of
type G˜2 with diagram and weight funtion given by
✐ ✐ ✐
a b b
s1 s2 s3
where a, b are positive integers. Then we have
Theorem 5.1. Conjeture 3.3 holds for W .
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We now desribe the partition of W into ells. First of all, all the proper
standard paraboli subgroups of W are dihedral, thus looking at Setion 2.8,
one an see that the deomposition of C with respet to ∼LR,C will be onstant
whether a > b, a = b or a < b. Furthermore we know that P1P15 and C2 hold
for dihedral groups (see Setion 2.8). The deomposition of G˜2 when a = b has
been given by Lusztig in [20℄ and one an hek that Conjeture 3.3 holds in this
ase.
It is lear that the partition of W into ells only depends on the ratio a/b. We
set r = a/b. To simplify the notation, we denote by Wi,j the paraboli subgroup
generated by {si, sj} and by wi,j the longest element in Wi,j .
5.2. Case r > 1. We obtain the following partition PLR,C.
Table 2. Partition PLR,C when a > b and values of the a-funtion
b6 = {e} 0
b5 = W2,3 − {w2,3, e} b
b4 = {w2,3} 3b
b3 = W1,2 − {e, s2, s1s2s1s2s1, w1,2} a
b2 = {w1,3} a+ b
b1 = {s1s2s1s2s1} 3a− 2b
b0 = {w1,2} 3a+ 3b
The next step is to determine the partition PC and the order indued by the
aC-funtion on it when the parameters are varying. We desribe these partitions
in Table 3 (we also put the partition in the ase where r = 1). On a given interval
the values of the aC-funtion are dereasing from left to right exept when we
write bi
r′
↔ bj in whih ase it means that
(1) for a/b = r′ we have a(bi) = a(bj);
(2) for all a, b suh that a/b > r′ we have a(bi) > a(bj);
(3) for all a, b suh that a/b < r′ we have a(bi) < a(bj);
(4) the sets b˜i and b˜j are disjoint.
Table 3. Partition PC
r > 2 b0 b1 b2 b3
3
↔ b4 b5 b6
r = 2 b0 b1 b2 ∪ b4 b3 b5 b6
2 > r > 3/2 b0 b1
5/3
↔ b4 b2 b3 b5 b6
r = 3/2 b0 b4 b1 ∪ b2 b3 b5 b6
3/2 > r > 1 b0 b4 b2 b1 b3 b5 b6
r = 1 b0 b4 b2 b1 ∪ b3 ∪ b5 b6
In Figure 16 we present the orresponding partitions of W ; these pitures are
modelled on Lusztig's piture in [18℄ for r = 1. The left ells lying in a given
two-sided ell are the left-onneted omponents. We also put the partition of W
Figure 6. Deomposition of G˜2 for r = 1
Figure 5. Deomposition of G˜2
for
3
2
> r > 1
Figure 4. Deomposition of G˜2 for r =
3
2
Figure 3. Deomposition of G˜2
for 2 > r > 3
2
Figure 2. Deomposition of G˜2 for r = 2Figure 1. Deomposition of G˜2 for r > 2
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when r = 1. The blak alove orresponds to the identity element of W .
Figure 7. Deomposition of G˜2 for r < 1
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5.3. Case r < 1. The partition PLR,C is as follows.
Table 4. Partition PLR,C when b > a and value of the a-funtion
b6 = {e} 0
b5 = {s1} a
b4 = C− {e, s1, s2s1s2s1s2, w1,2, w1,3, w2,3} b
b3 = {w1,3} a+ b
b2 = {s2s1s2s1s2} 3b− 2a
b1 = {w2,3} 3b
b0 = {w1,2} 3a+ 3b
In that ase we obtain only one partition of W into ells. The partition PC is
the same as PLR,C and the order indued by the aC-funtion (dereasing from left
to right) is as follows
b0 b1 b2
2/3
↔ b3 b4 b5 b6.
We obtain the following deomposition of G˜2.
Figure 11. Deomposition of G˜2 for r = 0Figure 10. Deomposition of G˜2 for r = ∞
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5.4. The asymptoti ase. When r =∞ (i.e. a > 0 and b = 0) we have
W = S3 ⋉ A˜2
whereS3 is generated by I := {s2, s3} and A˜2 is generated by s1, s2s1s2, s3s2s1s2s3.
We know that the left ells of W in this ase are of the form WI .C where C is a
ell of A˜2. We show this partition in Figure 10. The blak aloves orrespond to
the paraboli subgroup WI (i.e. to the ell WI .{e}).
Now when r = 0 (i.e. a = 0 and b > 0) we have
W = (Z/2Z)⋉ A˜2
where Z/2Z is generated by I := {s1} and A˜2 is generated by s2, s3, s1s2s1. We
know that the left ells of W in this ase are of the form WI .C where C is a ell
of A˜2. We show this partition in Figure 11. The blak aloves orrespond to the
paraboli subgroup WI (i.e. to the ell WI .{e}).
5.5. Semiontinuity in G˜2. We keep the notation of Setion 4. Let V be an
Eulidean spae of dimension 2 with standard basis v1, v2 orresponding to the
onjugay lasses {s1} and {s2, s3} in S, respetively. We have
Theorem 5.2. Conjeture 4.3 holds for W . The essential hyperplanes are
H(1,0),H(0,1),H(1,−1),H(1,1),H(2,−3),H(2,3),H(1,−2),H(1,2).
Proof. This is straightforward one the partition of W into ells is known for all
hoies of parameters. 
5.6. Ane Weyl group of type B˜2. Let (W,S) be the ane Weyl group of
type B˜2 with diagram and weight funtion given by
✐ ✐ ✐
a b c
s1 s2 s3
where a, b, c are positive integer. Then we have
Theorem 5.3. Conjeture 3.3 holds for W .
Let V be an Eulidean spae of dimension 3 with standard basis v1, v2, v3 or-
responding to the onjugay lasses {s1}, {s2} and {s3} in S, respetively.
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Theorem 5.4. Conjeture 4.3 holds for W . Furthermore the essential hyperplanes
are
H(1,0,0),H(0,1,0),H(0,0,1),H(ǫ,ǫ,0),H(0,ǫ,ǫ),H(ǫ,0,ǫ),H(ǫ,ǫ,ǫ),H(ǫ,2ǫ,ǫ)
where ǫ = ±1.
We refer to [16, 4℄ for the desription of the partitions PLR,C and PC on C and
the orresponding partitions of W into ells.
Remark 5.5. It follows from Theorem 5.1 and 5.3 (by a straightforward veria-
tion) that Conjeture P14 holds for G˜2 and B˜2.
Remark 5.6. Let W be an irreduible ane Weyl group. It seems that if one
assumes that
(1) P1P15 hold for all nite paraboli subgroups of W ,
(2) Conjeture 3.3 holds,
(3) the semiontinuity onjeture holds for all nite paraboli subgroups ofW ,
then one ould prove that the semiontinuity onjeture holds for W . However,
the proof of this result in general looks as if it requires some deep properties of
the Lusztig a-funtion.
More generally one ould ask if Conjeture 3.3 holds for an arbitrary innite
Coxeter group W and if, assuming (1)(3), one ould show that Conjeture 4.3
holds for W .
6. Proof of Theorem 5.1 and Theorem 5.3
In this setion we present the methods involved in the proof of Theorem 5.1
and Theorem 5.3. We start by olleting some results of [15℄. We then give an
outline of the steps to be taken in order to prove the theorems. Finally we study
an example. More details an be found in [16, 3 and 5℄.
6.1. Prerequisites. One of the main ingredient to prove Theorem 5.1 and 5.3
is the generalized indution of Kazhdan-Lusztig ells [15℄. Here we will need a
slightly more general version (see Remark 6.1), therefore we give some details.
Let (W,S) be an arbitrary Coxeter group together with a positive weight fun-
tion L. Let U ⊆ W be a nite subset of W and let {Xu | u ∈ U} be a olletion
of subsets of W satisfying the following onditions
I1. for all u ∈ U , we have e ∈ Xu,
I2. for all u ∈ U and x ∈ Xu we have ℓ(xu) = ℓ(x) + ℓ(u),
I3. for all u, v ∈ U suh that u 6= v we have Xuu ∩Xvv = ∅,
I4. the submodule M := 〈TxCu| u ∈ U, x ∈ Xu〉A ⊆ H is a left ideal.
One an easily see that the set B := {TxCu|u ∈ U, x ∈ Xu} is a basis of M. Thus
for all y ∈W and all v ∈ U , we an write
TyCv =
∑
u∈U,x∈Xu
ax,uTxCu for some ax,u ∈ A.
Let  be the relation on U dened as follows. Let u, v ∈ U . We write u  v if
there exist y ∈W and x ∈ Xu suh that TxCu appears with a non-zero oeient
in the expression of TyCv in the basis B. We still denote by  the pre-order
indued by this relation (i.e. the transitive losure).
For u, v ∈ U , x ∈ Xu and y ∈ Xv we write xu ⊏ yv if u  v and xu < yv. We
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write xu ⊑ yv if xu ⊏ yv or x = y and u = v. Now assume that the following
holds
I5. for all v ∈ U , y ∈ Xv we have
TyCv ≡ Tyv +
∑
xu⊏yv
axu,yvTxCu mod H<0
where axu,yv ∈ A and H<0 = ⊕w∈WA<0Tw.
Remark 6.1. In [15℄, ondition I5 was stated as follows
TyCv ≡ Tyv mod H<0,
Thus Condition I5 here an be seen as a generalization of Condition I5 in [15℄.
Let B be a subset of W . We say that B is a left (respetively two-sided) ideal
of W if for all w ∈ B and all y ∈W we have
y ≤L w (respetively y ≤LR w) =⇒ y ∈ B.
Remark 6.2. Note that a left (respetively two-sided) ideal of W is a union of left
(respetively two-sided) ells. Moreover, a left ideal whih is stable by taking the
inverse is a two-sided ideal.
Theorem 6.3. Let U be a subset of W and {Xu|u ∈ U} be a olletion of subsets
of W satisfying onditions I1I5. Let U ⊆ U be suh that for all v ∈ U , u  v
implies u ∈ U . Then, the set
B := {yv|v ∈ U , y ∈ Xv}
is a left ideal of W . In partiular B is a union of left ells.
Proof. Arguing in the same way as in the proof of [15, Theorem 3.2℄, for all v ∈ U
and y ∈ Xv there exists a unique family of polynomials p
∗
xu,yv ∈ A<0 suh that
C˜yv := TyCv +
∑
u∈U,x∈Xu
xu⊏yv
p∗xu,yvTxCu
is stable under the involution ¯ . It is lear that the set B˜ = {C˜yv |v ∈ U, y ∈ Xv}
forms a basis of M and the above formula desribes the bases hange from B =
{TyCv|v ∈ U, y ∈ Xv} to B˜. By an easy indution on the relation ⊑ we an invert
this formula. Thus there exist some polynomials q∗xu,yv ∈ A<0 suh that
TyCv = C˜yv +
∑
xu⊏yv
q∗xu,yvC˜xu.
We want to prove by indution on ⊑ that
(∗) C˜yv = Cyv + an A-linear ombination of Cxu where xu ⊏ yv.
For u ∈ U it is lear sine C˜u = Cu. Now let v ∈ U and y ∈ Xv. We assume that
for all u ∈ U and x ∈ Xu suh that xu ⊏ yv statement (∗) holds. By ondition I5
we have
C˜yv ≡ Tyv +
∑
xu⊏yv
axu,yvTxCu mod H<0
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for some axu,yv ∈ A. From there, using the inversion formula we obtain
C˜yv ≡ Tyv +
∑
xu⊏yv
bxu,yvC˜xu mod H<0
for some bxu,yv ∈ A. Using the indution hypothesis we get
C˜yv ≡ Tyv +
∑
xu⊏yv
b′xu,yvCxu mod H<0
for some b′xu,yv ∈ A. Furthermore, sine Cxu ≡ Txu mod H<0, we may assume
that b′xu,yv ∈ Z[v]. Let b
′′
xu,yv be the unique element of A suh that
b′′xu,yv = b
′
xu,yv mod A≤0 and b¯
′′
xu,yv = b
′′
xu,yv.
Then we have
C˜yv − Cyv −
∑
xu⊏yv
b′′xu,yvCxu ≡ 0 mod H<0.
Furthermore, the left hand-side is stable under the involution¯ . Hene, using [22,
5.(e) ℄, it is equal to 0 and (∗) follows.
Now let U be a subset of U suh that for all v ∈ U , u  v implies u ∈ U . We want
to show that the set
B := {yv|v ∈ U , y ∈ Xv}
is a left ideal of W . One an see that
MU := 〈TyCv | v ∈ U , y ∈ Xv〉A
is a left ideal of H. Furthermore, the set BU = {TyCv|v ∈ U , y ∈ Xv} is a basis of
MU . Using (∗) we see that the set {Cyv |v ∈ U , y ∈ Xv} is also a basis ofMU . Let
w = yv ∈ B where v ∈ U and y ∈ Xv. Let z ∈ W be suh that z ≤L w. We may
assume that there exists s ∈ S suh that Cz appears with a non-zero oeient in
the expression of CsCw in the Kazhdan-Lusztig basis. Now sine Cw ∈ MU and
MU is a left ideal we have
CsCw =
∑
u∈U ,x∈Xu
ACxu.
Thus there exist u ∈ U and x ∈ Xu suh that z = xu and z ∈ B as desired. 
The following lemma is useful to nd the partition of W into two-sided ells
one the partition into left ells is known.
Lemma 6.4. Let T be a union of left ells whih is stable by taking the inverse.
Let T = ∪ Ti (1 ≤ i ≤ N) be the deomposition of T into left ells. Assume that
for all i, j ∈ {1, ..., N} we have
T−1i ∩ Tj 6= ∅
Then T is inluded in a two-sided ell.
The proof an be found in [15, Lemma 5.3℄.
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6.2. General methods. Let W be an ane Weyl group of rank 2. Let F be a
faet of the hyperplane arrangement desribed in Theorem 5.2 if W is of type G˜2
or in Theorem 5.4 if W is of type B˜2.
Remark 6.5. We will have to ompute some Kazhdan-Lusztig polynomials for all
weight funtions L ∈ F . This is done using [13, Proposition 3.3℄.
Let c˜0, . . . , c˜n be the partition of W (assoiated to F) obtained using the algo-
rithm presented in Setion 3. We denote by
• c˜ji the left-onneted omponents lying in c˜i;
• uji the element of minimal length lying in c˜
j
i ;
• U the set whih onsists of all the uji .
Let uji ∈ U . We set
X
uji
:= {w ∈W |wuji ∈ c˜
j
i}.
The rst step is to show that c˜ji is inluded in a left ell for all i, j and for all
weight funtions L ∈ F . Methods for dealing with this problem are presented in
[13, 6℄.
The next step is to show that cji is a union of left ells for all weight funtions
L ∈ F . This is done as follows.
(1) Chek that the set U and the olletion of subsets Xu satisfy Conditions
I1I4;
(2) Determine the pre-order  on U . We will nd that
(†) u  uji =⇒ u = u
j
i or u = u
j′
i′ where i
′ > i.
(3) Chek that Condition I5 is satised for all u ∈ U and all x ∈ Xu.
Claim 6.6. Assume that (1)(3) hold. Then, the sets c˜ji are unions of lefts ells
for all i, j.
Proof. We proeed by indution on i. We an apply Theorem 6.3 to the set {uj0}
for all j and we obtain that c˜j0 is a union of left ells for all j. Let i > 0 and onsider
the set V = {v ∈ U |v  uji} for some j. Let V
′ = {v ∈ U |v  uji , v 6= u
j
i}. Note
that if uj
′
i′ ∈ V
′
then i′ < i by (†). Applying Theorem 6.3 to V we obtain that
{xu|u ∈ V, x ∈ Xu} = c˜
j
i ∪
( ⋃
uj
′
i′
∈V ′
c˜j
′
i′
)
is a union of left ells. Thus, sine c˜j
′
i′ is a union of left ells for all i
′ < i by
indution, it follows that c˜ji is a union of left ells as required. 
The fat that the sets c˜i are the two-sided ells of W will follow easily from
Remark 6.2 and Lemma 6.4.
Remark 6.7. It follows from (1)(3) that P holds holds for W (see Remark 2.4).
Indeed let x, y ∈ W be suh that x ≤L y and x ∼LR y. Sine x ∼LR y there
exists i suh that x, y ∈ c˜i. Let j be suh that y ∈ c˜
j
i . Now sine x ≤L y, using
(†) and Theorem 6.3, we get that either x ∈ c˜ji or x ∈ c˜
j′
i′ where i
′ < i. But x ∈ c˜i
therefore x ∈ c˜ji and x ∼L y as required.
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6.3. Example. Let W be of type B˜2 with diagram and weight funtion given by
✐ ✐ ✐
a b c
s1 s2 s3
where (a, b, c) satisfy the following equations
b > c, a− 2b+ c > 0, a− b− c < 0.
In other words, if we keep the setting of Setion 5.6, (a, b, c) ∈ V lies in the
hamber dened by the hyperplanes
H(1,−2,1),H(0,1,−1),H(1,−1,−1).
In that ase, applying Conjeture 3.3, we obtain the following partition of W ,
where the left ells are formed by the aloves lying in the same onneted ompo-
nent after removing the thik lines. The two-sided ells are the unions of all the
left ells whose names share the same subsript. The alove orresponding to the
identity is denoted by c˜18.
c˜
1
0
c˜
2
0
c˜
3
0
c˜
4
0
c˜
5
0
c˜
6
0
c˜
7
0
c˜
8
0
c˜
1
1
c˜
2
1
c˜
3
1
c˜
4
1
c˜
1
2
c˜
2
2
c˜
3
2
c˜
4
2
c˜
1
3
c˜
1
4
c˜
2
4
c˜
3
4
c˜
4
4
c˜
1
5
c˜
1
6
c˜
2
6
c˜
1
7
c˜
1
8
Figure 12. Partition of W
Using the same methods as in [13, 6℄ one an show that eah of the piees of
this partition is inluded in a left ell.
Reall the denition of uji , U and Xu (for u ∈ U) in the last setion. We denote
by Ui the subset of U whih onsists of all the elements u
j
i . Finally, for any subset
V of U we set
MV := 〈TxCv|v ∈ V, x ∈ Xv〉A.
Our rst task is to determine the pre-order  on U .
Claim 6.8. Let u ∈ U0. Then M{u} is a left ideal of H.
Proof. This has been done in [14, Lemma 5.4℄. 
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Claim 6.9. Assume that a < 2c. Then, the following A-submodules of H are left
ideals
M{u1
1
,u3
0
}, M{u2
1
,u5
0
}, M{u3
1
,u6
0
}, M{u4
1
,u8
0
}.
Assume that a ≥ 2c. Then, the following A-submodules of H are left ideals
M{u1
1
,u3
0
}, M{u2
1
,u4
0
,u5
0
}, M{u3
1
,u6
0
}, M{u4
1
,u1
0
,u8
0
}.
Proof. Assume that a < 2c. We show that M := M{u2
1
,u5
0
} is a left ideal. Using
the previous laim it is enough to hek that TxCu2
1
∈ M for all x ∈ W . We
proeed by indution on ℓ(x). If ℓ(x) = 0 this is lear. Assume that ℓ(x) > 0. If
x ∈ Xu2
1
then it is lear. Thus we assume that x /∈ X1. If x /∈ X{s2,s3} then let
w ∈ W{s2,s3} and x
′ ∈ X{s2,s3} suh that x = x
′w and ℓ(x) = ℓ(x′) + ℓ(w). We
have
TxCu2
1
= vL(w)Tx′Cu1
1
whih lies in M by indution. Now assume that x ∈ X{s2,s3} and that x /∈ Xu2
1
.
Then there exists x′ ∈W suh that x = x′s1s2s1 and ℓ(x) = ℓ(x
′) + 3. We have
Ts1Cu2
1
= Cs1u21 − v
−aCu2
1
Ts2s1Cu2
1
= Cs2s1u21 − v
−bCs1u21 − v
−a+bCu2
1
Ts1s2s1Cu2
1
= Cu5
0
− v−aCs2s1u21 + v
−2a+bCu2
1
From there we get that Ts1s2s1Cu2
1
∈ M and the result follows by indution and
by the previous laim.
Now assume that a ≥ 2c. We show thatM :=M{u2
1
,u4
0
,u5
0
} is a left ideal. Arguing
as above it is enough to hek that Ts1s2s1Cu2
1
∈ M. We have
Ts1Cu2
1
= Cs1u21 − v
−aCu2
1
Ts2s1Cu2
1
= Cs2s1u21 − v
−bCs1u21 − v
−a+bCu2
1
Ts1s2s1Cu2
1
= Cu5
0
− v−aCs2s1u21 + v
−2a+bCu2
1
+ µCu4
0
where µ = 1 if a = 2c and µ = v−a+2c + va−2c if a > c. The result follows. We
proeed similarly for the other submodules. 
Proeeding in the same way, we an desribe the order  on U by the following
Hasse diagram. The dashed edges only hold for parameters suh that a ≥ 2c. We
see that property (†) holds.
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u
1
0 u
2
0 u
3
0 u
4
0 u
5
0 u
6
0 u
7
0 u
8
0 u
1
0
u
1
1 u
2
1 u
3
1 u
4
1
u
1
2 u
2
2 u
3
2 u
4
2
u
1
3
u
1
4 u
2
4 u
3
4 u
4
4
u
1
5
u
1
6 u
2
6
u
1
7
u
1
8
Figure 13. Hasse diagram of the pre-order  on U .
Claim 6.10. Condition I5 holds for U and the orresponding sets Xu.
Proof. For u ∈ U0 this has been done in [14, Lemma 5.2℄ where it is shown that
TxCu ≡ Txu mod H<0
for all u ∈ U0 and x ∈ Xu.
Let u ∈ U1. We set w1 = s1s2s3s2. One an hek that ℓ(w
n
1 ) = nℓ(w1) and
that any element of Xu an be written in the following form for some n ∈ N
wn1 , s1w
n
1 , s2s1w
n
1 , s3s2s1w
n
1 .
We have
Ts1Cu ≡ Ts1u mod H<0
Ts2s1Cu ≡ Ts2s1u mod H<0
Ts3s2s1Cu ≡ Ts3s2s1u mod H<0
Ts2s3s2s1Cu ≡ Ts2s3s2s1u mod H<0.
Furthermore, if Tz appears with a non-zero oeient in the expression of
Ts2s3s2s1Cu in the standard basis then we have ℓ(xz) = ℓ(x) + ℓ(z) for all x ∈ Xu.
Hene we have
TxCu ≡ Txu mod H<0
for all x ∈ Xu and Condition I5 holds for u ∈ U1.
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Let u ∈ U2 and let w2 = s1s3s2. One an hek that ℓ(w
n
2 ) = nℓ(w2) and that
any element of Xu an be written in the following form for some n ∈ N
wn2 , s2w
n
2 , s1s2w
n
2 , s3s2w
n
2 .
Assume that u 6= u12. Then we have
Ts2Cu ≡ Ts2u mod H<0
Ts1s2Cu ≡ Ts1s2u mod H<0
Ts3s2Cu ≡ Ts3s2u mod H<0
Ts1s3s2Cu ≡ Ts1s3s2u mod H<0.
Furthermore, if Tz appears with a non-zero oeient in the expression of Ts1s3s2Cu
in the standard basis then we have ℓ(xz) = ℓ(x) + ℓ(z) for all x ∈ Xu. Hene we
have
TxCu ≡ Txu mod H<0
for all x ∈ Xu and Condition I5 holds.
Now let u = u12. In that ase we have
Ts2Cu ≡ Ts2u mod H<0
Ts1s2Cu ≡ Ts1s2u + v
a−c Ts1s2s1s2 mod H<0
Ts3s2Cu ≡ Ts3s2u mod H<0
Ts1s3s2Cu ≡ Ts1s3s2u + v
a−c Ts3s1s2s1s2 mod H<0.
One an show that
Ts1s2Cu ≡ Ts1s2u + v
a−c Cs1s2s1s2 mod H<0
and
Ts1s3s2Cu = Ts1s3s2u + v
a−c Ts3Cs1s2s1s2 mod H<0.
Furthermore if Tz appears with a non-zero oeient in the expression of
Ts1s3s2Cu − Ts1s3s1u − v
a−c Ts3Cs1s2s1s2
in the standard basis then we have ℓ(xz) = ℓ(x) + ℓ(z) for all x ∈ Xu. We obtain
that
TxTs1s3s2Cu = Txs1s3s2u + v
a−c Txs3Cs1s2s1s2 mod H<0.
for all x ∈ Xu. Thus we see that Condition I5 holds.
The laim follows by applying the same methods for the other Ui's. 
From there using the Hasse diagram of the pre-order  on U , Theorem 6.3,
Remark 6.2 and Lemma 6.4, we see that partition of W presented in Figure 12 is
the atual partition ofW into left and two-sided ells (see Claim 6.6). Furthermore,
the order on the left ells indued by ≤L is given by the Hasse diagram of the pre-
order  on U by simply replaing uji by the orresponding ell c˜
j
i .
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